We prove the generalized Witten conjecture associated to KdV r (the r th Gelfand-Dickey hierarchy) in genus zero. That is, we show that intersection numbers on the moduli space of stable r-spin curves assemble into a generating function which yields a solution of the semiclassical limit of the KdV r equations. We state axioms for a virtual class which would allow one to construct a cohomological field theory (a generalization of Frobenius manifolds) in all genera. We prove analogs of the puncture, dilaton, and topological recursion relations by drawing an analogy with the construction of Gromov-Witten invariants and quantum cohomology.
Introduction
The moduli space of stable curves of genus g with n marked points M g,n is a fascinating object. Mumford [33] introduced tautological cohomology classes associated to its universal curve and Witten conjectured [37] and Kontsevich [26] proved that the intersection numbers of certain tautological cohomology classes on the moduli space of stable curves M g,n assemble into a τ function of the KdV hierarchy. This conjecture provided an unexpected link between the algebraic geometry of these moduli spaces and integrable systems.
The spaces M g,n can be generalized in two ways. The first is by choosing a smooth projective variety V and considering the moduli space of stable maps into V of genus g with n marked points, M g,n (V ). When V is a point, M g,n (V ) reduces to M g,n . The second is the moduli space of r-spin curves M 1/r g,n introduced in [20, 21] which, upon forgetting the r-spin structure, reduces to M g,n . It is natural to ask if Date: March 6, 2008. Research of the first author was partially supported by NSA grant MDA904-99-1-0039.
Research of the second author was partially supported by NSF grant number DMS-9803427. the Kontsevich/Witten conjecture admits a generalization to either of these cases.
The case of M g,n (V ) remains mysterious. The Gromov-Witten invariants (and their so-called gravitational descendants) assemble into a potential function whose exponential is the analog of a τ function. In the case where V is a point, one recovers the τ function of KdV hierarchy by the Kontsevich/Witten conjecture. More generally, there is a conjecture of Eguchi-Hori-Xiong [12] and of S. Katz which essentially states that this generating function is a highest weight vector for a particular action of the Virasoro algebra. Presumably, there is some analog of an integrable system which gives rise to this Virasoro algebra should the conjecture hold.
On the other hand, the KdV hierarchy is known to be merely the first in a series of integrable hierarchies known as the KdV r (or r th Gelfand-Dickey) hierarchies where r = 2, 3, 4, . . . . The special case of KdV 2 is the KdV hierarchy described above. Each of these hierarchies has a formal solution characterized by the unique τ -function which satisfies an equation known as the string (or puncture) equation. Witten stated a generalization of the Kontsevich/Witten conjecture [35, 36] which said that there should exist moduli spaces and cohomology classes on them whose intersection numbers assemble into these τ functions on the KdV r hierarchies.
In this paper, we are motivated by analogy with the construction of Gromov-Witten invariants from the moduli space of stable maps to introduce axioms which must be satisfied by a cohomology class c virt (called the virtual class) on M 1/r g,n in order to obtain a rank (r − 1) cohomological field theory (CohFT) in the sense of Kontsevich-Manin [27] . This virtual class should be regarded on M 1/r g,n as the analog of the Gromov-Witten classes of a variety V (the pullbacks via the evaluation maps of elements in H • (V )) intersected with the virtual fundamental class on M g,n (V ).
We realize this virtual class in genus zero as the top Chern class of a tautological bundle over M 1/r 0,n associated to the r-spin structure. This yields a Frobenius manifold structure [10, 19, 30] on the state space of the CohFT which is isomorphic to the Frobenius manifold associated to the universal unfolding of the A r singularity [10] .
As in the case of Gromov-Witten invariants, one can construct a potential function from the intersection numbers of c virt to form the small phase space of the theory. The large phase space is constructed by introducing the tautological ψ classes associated to the universal curve. The latter can be regarded as parametrizing a family of CohFTs.
A very large phase space (see [23, 24, 13, 31] ) parametrizing an even larger space of CohFTs is obtained by considering tautological classes λ associated to the Hodge bundles and tautological classes µ associated to the spin structures.
We prove analogs of the puncture and dilaton (differential) equations including a new differential equation obtained from a universal relation involving the µ 1 class. These relations hold in all genera. Topological recursion relations are also obtained from presentations of these classes in terms of boundary classes in low genera.
Finally, we show that the genus zero part of the large phase space potential Φ 0 (t) is completely determined by the geometry by using the new relation on µ 1 . We show that this potential agrees with the generalized Witten conjecture in genus zero.
Some of our constructions were foreshadowed by Witten, who formulated his conjecture even before the relevant moduli spaces and cohomology classes had been constructed, just as he had done in the case of the topological sigma model and quantum cohomology. We prove that his conjecture has a precise algebro-geometric foundation, just as in the case of Gromov-Witten theory. Witten also outlined a formal argument to justify his conjecture in genus zero. Our work shows that the formulas that he ultimately obtained for the large phase space potential function in genus zero are indeed correct, provided that the geometric objects involved are suitably interpreted. This is nontrivial even in genus zero because of the stacky nature the of underlying moduli spaces. We proceed further to prove relations between various tautological classes associated to the r-spin structures and derive differential equations for the potential function associated to them.
Notice also that one can introduce moduli spaces M 1/r g,n (V ) of stable r-spin maps into a variety V , where one combines both of the data of stable maps and the r-spin structures. The analogous construction on these spaces yields a Frobenius manifold which combines Gromov-Witten invariants (and quantum cohomology) with the KdV r hierarchies. Work in this direction is in progress [22] .
In the first part of this paper, we review the moduli space of genus g, stable r-spin curves, M 1/r,m g,n , which was introduced in [1, 20, 21] . Upon forgetting the spin structure, these moduli spaces reduce to M g,n , the moduli space of stable curves of genus g with n marked points. We discuss the structure of the boundary stratification of these spaces. They fall into two distinct types-the so-called Neveu-Schwarz and Ramond boundary strata. Only the former has the proper factorization properties which one expects from the moduli space of stable maps.
In the second part, we introduce canonical morphisms, tautological bundles, tautological cohomology classes, and cohomology classes associated to the boundary strata on M 1/r g,n and derive a new relation involving the µ class. In the third section, we define a cohomological field theory (CohFT) in the sense on Kontsevich-Manin, its small phase space potential function, and the associativity (WDVV) equation. We then review the construction of Gromov-Witten invariants on the moduli space of stable maps and define the large and very large phase spaces in that theory. Motivated by this example, we explain how to construct a CohFT, and the various potential functions from analogous intersection numbers on M 1/r g,n given the virtual class c virt exists. In the fourth section, we state axioms which c virt must satisfy in order to obtain a CohFT, and we construct c virt in genus zero. In the fifth section, we obtain analogs of the string and dilaton equations (which essentially yield the L −1 and L 0 Virasoro generators), and a new equation based on the relation involving the µ 1 class. We also prove the analog of topological recursion relations in genus zero. Finally in the sixth section, we determine the large phase space potential in genus zero and show that it yields a solution to (a semiclassical limit of) the KdV r hierarchy, thereby proving the genus zero generalized Witten conjecture.
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1. The Moduli Space of r-spin Curves 1.1. Definitions. Definition 1.1. Given an n-pointed, prestable curve (X, p 1 , . . . , p n ), and given a rank-one, torsion-free sheaf K on X, a dth root of K is a pair (E, b) of a rank-one, torsion-free sheaf E, and an O X -module homomorphism b : E ⊗d -K with the following properties:
Unfortunately, the moduli space of curves with d th roots of a fixed sheaf K is not smooth when d is not prime, and so we must consider not just roots of a bundle, but rather a coherent system of roots [1] . This additional structure suffices to make the moduli space of curves with a coherent root system smooth. Definition 1.2. Given a prestable n-pointed curve (X, p 1 , . . . , p n ) and a rank-one, torsion-free sheaf K on X, a coherent rth root system for K consists of the following data:
for every d|r, and such that all these maps are compatible. That is, the diagram
If r is prime, then a coherent rth-root system is simply an rth root of K. Moreover, if E d is locally free, then E d uniquely determines all E d ′ (up to isomorphism) such that d ′ |d, and all c d,d ′ are uniquely determined up to automorphism of E d ′ . Definition 1.3. An n-pointed r-spin curve of type m = (m 1 , . . . , m n ) is an n-pointed, prestable (nodal) curve (X, p 1 , . . . , p n ) and a coherent rth root system for ω X (− m i p i ), where ω X is the canonical (dualizing) sheaf of X. An r-spin curve is called smooth if X is smooth, and it is called stable if X is stable. Example 1.4. When m is zero and r is two, then smooth 2-spin curves correspond to classical spin curves (a curve and a theta-characteristic) together with an explicit isomorphism E ⊗2
2
ω.
and a family of isomorphisms
, and such that the β d are compatible with all of the maps c d,d ′ and τ * c ′ d,d ′ .
Every r-spin structure on a smooth curve X is determined up to isomorphism by a choice of a line bundle E r , such that E ⊗r r ∼ = ω X (− m i p i ). In particular, the set of isomorphism classes of r-spin structures of a fixed type m is a principal Jac r X-bundle, where Jac r X is the group of r-torsion points of the Jacobian of X, thus there are r 2g such isomorphism classes, provided X has no automorphisms. Example 1.6. If g = 1 and m is zero, then ω X ∼ = O X and a smooth r-spin curve is just an r-torsion point of the elliptic curve X, again with an explicit isomorphism of E ⊗r r -O X . In particular, the stack of stable spin curves of genus one and type 0 forms a gerbe over the modular curve X 1 (r).
Definition 1.7. The moduli space of stable n-pointed, r-spin curves of genus g is denoted M 1/r,m g,n . If we restrict the m i to all lie between 0 and r − 1 (inclusive), then the disjoint union
No information is lost by restricting m in this way, since any r-spin curve of a given type m is canonically isomorphic to any r-spin curve of type m ′ whenever m ≡ m ′ mod r, simply by 1.2. Basic properties of the moduli space. In [1] it is shown that M 1/r g,n is a smooth Deligne-Mumford stack, finite, of degree r 2g over M g,n , and hence it is projective. Throughout this paper we will denote the forgetful morphism by p : M 1/r g,n -M g,n , and the universal curve by π : C 1/r g,n -M 1/r g,n .
Remark . Note that C 1/r g,n is not M 1/r g,n+1 , but rather is just the subspace
. This is because the process of forgetting the point labeled m n+1 > 0 changes the degree of ω(− m i p i ) by m n+1 , and 0 < m n+1 ≤ r − 1 implies that this bundle no longer has rth roots (for degree reasons). There are, however, still n canonical sections σ i of π : C 1/r g,n -M 1/r g,n , which are constructed, as in the case of stable curves, by "bubbling," as will be shown in Section 1.4, after we describe the boundary of the moduli space.
There is one other canonical morphism associated to these spaces; namely, when d divides r, the morphism M 1/r,m g,n -M 1/d,m g,n , which forgets all of the roots and homomorphisms in the rth-root system except those associated to divisors of d. In the case that the underlying curve is smooth, this is equivalent to replacing the line bundle E r by its r/d-th tensor power. Of course, m will generally not have the property that 0 ≤ m i < d, but composition with the canonical morphism M
where m ′ is congruent to m mod d and has
As is shown in [20] , for g > 0 the spaces M 1/r,m g,n are irreducible if gcd(r, m 1 , . . . , m n ) is odd, and they are the disjoint union of two irreducible components if gcd(r, m 1 , . . . , m n ) is even. In the case that r = 2, this is due to the well-known fact that even and odd theta characteristics on a curve cannot be deformed into one another [32] . And in general the two components that arise in the case that gcd(r, m 1 , . . . , m n ) is even are just the preimages of the even and odd components of M When g = 0 the moduli space M 1/r,m 0,n is either empty (if r does not divide m i + 2) or is canonically isomorphic to M 0,n . Note, however, that this isomorphism is not an isomorphism of stacks (since the automorphisms of elements of M 1/r,m g,n vary differently from the way that auotmorphisms of the underlying curves vary). In any case, M 1/r,m 0,n is always irreducible.
1.3. The Boundary. At any node q of a nodal curve X, an rth root (E r , b r ) of ω X (− m i p i ) is either locally free at q, with b r an isomorphism at q, or it is torsion-free but not locally free at q. The locally free case is what Witten [35] calls the Ramond sector, and the non-locally free case he calls a generalized Neveu-Schwarz sector.
In the case that E r is Ramond, all of the terms in the root system are completely determined (up to isomorphism) by the root (E r , b r ), simply by the rule
The Neveu-Schwarz sector is more complicated, in some sense, but this is compensated for by the fact that for the Neveu-Schwarz sector the cohomology classes defined by boundary strata factor in a nice combinatorial way. And the only hope of constructing a cohomological field theory from M 1/r g,n is if one can construct a canonical cohomology class which vanishes precisely on the Ramond sector.
Recall from [35] or [20] that in the Neveu-Schwarz case, an rth root (E r , b r ) of ω X (− m i p i ) is uniquely determined by an rth root (Ẽ r ,b r ) of ωX(− m i p i − m + q + − m − q − ) on the normalization ν :X -X of X at the node q. Here q + and q − are the two points ofX lying over the point q of X. And m + and m − are non-negative integers 1 which sum to r − 2. The sheafẼ r is simply ν * E r modulo torsion; and ν * Ẽr = E r , with b r induced fromb r by adjointness. In the case that m + + 1 and m − + 1 are relatively prime, then one can show (see [1] ) thatẼ andb uniquely determine the entire root system. But if gcd(m + + 1, m − + 1) = d, then although E r still completely determines the Neveu-Schwarz roots, d divides r, and the dth root (E d , b d ) of the root system is locally free (Ramond), as are all roots (
. If the normalizationX at q has two connected components, then the d th root ( [35] ). Example 1.8. In the case of an r th root (E r , b r ) which is Ramond at a node q of X, the restriction of E r to q gives an exact sequence
If E ′ := E r ⊗ m q then E ′ is a rank-one, torsion-free sheaf of degree (2g − 2 − m i )/r − 1 and pulling E ′ back to the normalization ν :X -X of X at q gives, after modding out torsion,
but if x and y are local coordinates onX near q + and q − respectively, then E ′′ is locally generated by x( dx x ) 1/r (respectively y( dy y ) 1/r ), and hence b ′′ factors through ωX(− m i p i − (r − 1)q + − (r − 1)q − ). Thus the Ramond case can occur if and only if m + = r − 1 and m − = r − 1 satisfy the degree conditions:
, corresponds to a choice of m + = m − = −1. In this special case there is also a sort of residue map that canonically identifies E r | q + and E r | q − to C.
An immediate consequence is the following corollary:
Proof. (of the proposition) Let z be a local parameter on X near p, so that the sheaf E r is locally generated by an element
It is easy to check that this definition is independent of local parameter, and hence defines a canonical isomorphism.
Dual Graphs.
Much of the information about the boundary elements can be encoded into a decorated dual graph. Recall that the dual graph of a pointed nodal curve consists of vertices corresponding to the irreducible components of the curve, and labeled with the (geometric) genus of the component; and edges correspond to nodes of the curve: an edge connects two vertices if and only if the corresponding node lies on the associated irreducible components. Marked points correspond to half-edges (also called flags, stubs, or legs) protruding from the corresponding vertex, and ordering of the marked points corresponds to a labeling of the half-edges by the integers 1 . . . n. We also decorate the graph with additional data coming from the spin structure, in particular the type m = (m 1 , . . . , m n ) gives a labeling to each of the half-edges. Example 1.11. In the case of a spin curve with a single Neveu-Schwarz node whose normalization has two connected components: X (1) of genus k, and X (2) of genus g − k, the dual graph looks like this Γ = 
Here m + and m − can easily be calculated (for degree reasons) as the unique non-negative integers summing to r − 2 which make their respective canonical bundles divisible by r; namely,
Of course, since the degree of the original bundle was divisible by r, each of the two equivalences implies the other.
Since the dual graph is a tree, even if d divides m + +1 and r, the root (E d , b d ) is determined up to isomorphism by (E r , b r ), and so any such spin curve is determined up to isomorphism by a choice of a spin structure of type (m i 1 , . . . , m i l , m + ) on the genus-k component X (2) , denoted
Since the Neveu-Schwarz case occurs exactly when these equivalences can be solved for m + and m − in {0, 1, . . . , r−2} (see [21] ), we can define a morphism ρ as the composition
where M 1/r Γ is the moduli of r-spin curves with dual graph Γ. 1.3.3. Gluing Data. The motivation for this section is given by the following example. . In this case we can define ρ : 
In this example we expect d morphisms, indexed by the set of different choices of φ
But in order to construct such a morphism, one needs to be able to define the glue φ in families, that is, we need to define isomorphisms φ :
where D + and D − are the loci of the two sections σ + and σ − to be glued. Such an isomorphism exists precisely because E ′ d corresponds to the graphΓ irr with m + = m − = −1, thanks to Corollary 1.10, which shows that
, and hence are isomorphic.
For a general graph Γ (labeled with the data m ± e at each edge e) we may choose an isomorphism φ e of E ′ d as before, with d e = gcd(m + e + 1, m − e + 1) and
). Of course in many cases, different gluing data {φ e } on the edges of Γ give isomorphic sheaves E d . In particular, if Γ is a tree, then all gluing data give isomorphic sheaves. And in the case of the graph with two nodes and two edges 
1.4. Bubbling. As in the case of M g,n , there are n canonical sections σ i of the universal curve π : C 1/r,m g,n -M 1/r,m g,n . These are defined as the morphism taking an n-pointed r-spin curve (X, p i , . . . , p n ,
of type m ′ = (m, 0) defined as follows: (X,p 1 , . . . ,p n+1 ) is the (n + 1)pointed, stable curve, corresponding to the i th section of the universal curve over M g,n ; that is,X = X ∪ P 1 with 0 ∈ P 1 identified with p i in X.p j = p j if j = i, n + 1, andp i := 1 ∈ P 1 , and P n+1 := ∞ ∈ P 1 . Since P 1 with three points has no moduli, this is well-defined. The spin structure
. And composition with
gives the desired r-spin curve
Tautological Cohomology Classes
2.1. Definitions. There are many natural cohomology classes in H * (M 1/r,m g,n , Q); these include the classes induced by pullback from M g,n , as well as classes induced by replacing the canonical (relative dualizing) sheaf ω π with E r in the usual constructions of tautological cohomology classes on M g,n .
In particular, we have the Chern classes λ i of the Hodge bundle π * ω. However, π * E r is not especially well-behaved. Instead, recall that for any coherent sheaf F on the universal curve π : C 1/r,m g,n -M 1/r,m g,n the element π ! F of K 0 (M 1/r,m g,n ) is the difference π * F − R 1 π * F (π has relative dimension 1). Here R 1 π * F is the sheaf whose fibre over a point p of the base M 1/r,m g,n is the vector space H 1 (π −1 (p), F | π −1 (p) ). Serre duality shows that H 1 (X, ω) is canonically isomorphic to C, and so R 1 π * ω is a trivial line bundle. Hence π * ω = π ! ω + O in K 0 (M 1/r,m g,n ). And so c t π * ω π = c t π ! ω π = 1 + λ 1 t + λ 2 t 2 + . . . We also have the Chern characters ν i of the Hodge bundle
where ν i are the (2i−1) st Chern characters. (The 2i th Chern characters vanish for positive i.) Replacing ω π with E r gives the Chern characters
Serre duality shows for any F that π ! (Hom(F , ω π )) = π ! F , so π ! O = π ! ω. And, more importantly, for purposes of comparison with Witten's calculations of [35] , in the special case that R 1 π * Hom(E r , ω) = 0, the bundle V := π * Hom(E r , ω) of [35] corresponds to π ! E r .
In addition to the Hodge-like classes, there are those induced by the canonical sections σ i of π :
for each divisor d of r). When working in Pic M 1/r,m g,n , we will abuse notation and use ψ i to indicate the line bundle σ * i (ω π ), andψ i the line bundle σ * i (E r ). The classes κ i andκ i (andκ (d) i ) are also defined in a manner analogous to the construction of κ i in H * (M g,n , Q).
And finally, there are the boundary classes, in particular, if A ⊔ B is a partition of {1, . . . , n} into two subsets, we denote by α k;A the class of the divisor associated to spin curves with dual graph of the
If r and all of the m i are even and g > 0, then the moduli space has two components, and α k:A is the sum of four divisors-two on each irreducible component of the moduli space. In this case, α even k;A denotes the class in Pic , use α odd k;A to denote the class where the component of genus k carries an odd spin structure, and the component of genus (g −k) carries an even one. And β odd k;A corresponds to the case where the genus-k component is even and the genus-(g − k) component is odd. Thus β odd k;A = α even g−k;B . If r or one of the m i is odd, we set β k:A to zero. Of course, if r and m i are even for all i ∈ A, but at least one m j is odd for j ∈ B, then the moduli space is irreducible, but the divisor α k:A is the sum of two divisors, which we will denote α even k:A and α odd k;A , respectively.
Finally, denote byδ irr,m + the divisor associated to the pullback p * δ k;A , which we will also denote by δ k;A is exactly
where u k;A is gcd(m + + 1, r), and m + is uniquely determined by k, m, and A, as before.
• If δ irr is the divisor of all curves of type in M g,n , then in Pic M 1/r,m g,n the class p * δ irr , which will also be denoted δ irr , is
where v m = gcd(r, m + 1) • When g > 2 the elements λ 1 ,δ irr,m , α k;A , β k:A andψ i are indepen-
The fact that for an r th root (E, b) of ω(− m i p i ), b is almost an isomorphism, means thatψ i and ψ i are closely related. Indeed, the map
. Since im(σ i ) is disjoint from the nodes of X, and σ * i b is an isomorphism even on the boundary strata where E fails to be locally free, we have the following. And thus in Pic M 1/r,m g,n ⊗ Q we havẽ
The proof follows immediately from the fact that σ * i b r is an isomorphism and from the following well-known fact. Lemma 2.3. Let π : C g,n -M g,n be the universal n-pointed curve, and σ i the i th tautological section of π. If D i is the divisor of C g,n associated to σ i , and if ω = ω π is the canonical (relative dualizing) sheaf, then
The triviality of the bundle in question when i = j follows from the fact that the sections are disjoint. The case when i = j can be seen from the fact that the residue map gives an isomorphism between ω π (D i )| D i and O D i . Then the following relation holds in Pic M
The proof of the proposition is almost identical to its counterpart in [20, Thm 4.3.3] except that E r is not an r th root of ω, but rather of ω(− m i p i ). The only extra information necessary to prove the proposition is the content of the following two lemmas. Lemma 2.5. Deligne's bilinear product <, >: Pic C g,n ×Pic C g,n -Pic M g,n , which is defined as
has the property that if D is the image of a section σ : M g,n -C g,n , the Deligne product of any line bundle L on C g,n with the bundle O C (D) is just the restriction of L to D; that is, it is just σ * L. This is proven in [8, Prop6.1.3], but it can also be seen from the fact that when the base is a smooth curve B, then deg < L, M > is exactly the usual intersection number (L.M). Since line bundles on M g,n are completely determined by their degree on smooth curves in M g,n [4] , and since in the case of a smooth, one-parameter base the degrees agree, then the lemma is true in general.
Lemma 2.6.
•
This follows immediately from Lemmas 2.3 and 2.5.
Corollary 2.7. In the case that g = 0, λ 1 and allδ irr,m 's vanish, so we have
Cohomological Field Theory
In this section, we define the notion of cohomological field theory (CohFT) in the sense of Kontsevich and Manin [27] : an object which formalizes the factorization axioms arising in the theory of topological gravity coupled to topological matter. The Gromov-Witten invariants associated to a smooth, projective variety V are interpreted by physicists as the situation where the matter sector arises from the topological sigma model [27, 34] . The analogous intersection numbers associated to the moduli space of r-spin curves has its physical origins in a different choice of the matter sector. Our goal in this section is to precisely formulate these notions in terms of the moduli spaces described above.
Definition 3.1. Let H be a vector space of dimension r with a metric η. A (complete) rank r cohomological field theory (CohFT) is a pair (H, η) together with a collection Λ := { Λ g,n } where Λ g,n is an element in H • (M g,n ) ⊗ T n H * defined for stable pairs (g, n) satisfying the following (where the summation convention has been used):
i: Λ g,n is invariant under the action of the symmetric group S n . ii: For each partition of [ n ] = I + ⊔ I − such that |I + | = n + and |I − | = n − and nonnegative integers g + , g − such that g = g + + g − and 2g i − 2 + n i > 0 for all i, consider the map ρ Γtree : 
where { e α } is a homogeneous basis for H. iii: Let ρ Γ loop : M g−1,n+2 → M g,n be the canonical map corresponding to the stable graph
where the vertex is labeled by g − 1 and the endpoints are labeled by the elements in [n]. We demand that ρ * Γ loop Λ g,n (γ 1 , γ 2 , . . . , γ n ) = Λ g−1,n+2 (γ 1 , γ 2 , . . . , γ n , e µ , e ν ) η µν . The pair (H, η) is said to be the state space of the CohFT. iv: If, in addition, there exists an element e 0 ∈ H such that if π : M g,n+1 → M g,n then Λ g,n+1 (γ α 1 , . . . , γ αn , e 0 ) = π * Λ g,n (γ α 1 , . . . , γ αn ) for all γ α i in H, then (H, η) is said to be a CohFT with flat identity element e 0 . A genus g CohFT (H, η) is the collection { Λ g ′ ,n } g ′ ≤ g satisfying those axioms above in which only such forms appear.
For simplicity, we are assuming in this definition that (H, η) contains only even elements since this is the only case that will arise in this paper.
The definition of a CohFT above has an equivalent dual description in terms of homology. Consider the maps H • (M g,n ) → T n H * via [c] → [c] Λ g,n . These maps are called the correlators of the CohFT. A (complete) CohFT is nothing more than requiring that these correlators endow (H, η) with the structure of an algebra over the modular operad { H • (M g,n ) } in the sense of Getzler and Kapranov [17] .
Clearly, the definition of a cohomological field theory extends from C to more general ground rings K.
Let Γ be a stable graph, then there is a canonical map ρ Γ obtained by composition of the canonical maps v∈V (Γ)
where V (Γ) denotes the set of vertices of Γ. Since the map ρ Γ can be constructed from morphisms in (ii) and (iii) above, Λ g,n satisfies a restriction property of the form
contracts the tensor factors of H using the inverse of the metric η induced from successive application of equations (ii) and (iii) above. and where · · · denotes evaluation, the sum over n is understood to be over the stable range, and x = α x α e α , where { e α } is a basis for H. The space H is the small phase space of the CohFT.
A genus zero CohFT is completely characterized by its potential. 
where η ab := η(e a , e b ), η ab is in inverse matrix to η ab , ∂ a is derivative with respect to x a , and the summation convention has been used. Conversely, a genus CohFT structure on (H, η) is uniquely determined by its potential Φ 0 which must satisfy the WDVV equation.
A genus 0 CohFT with flat identity is essentially equivalent to endowing (H, η) with the structure of a formal Frobenius manifold [10, 19, 30] . The theorem follows from the work of Keel [25] who proved that H • (M 0,n ) is generated by boundary classes and that all relations between boundary divisors arise from lifting the basic codimension one relation on M 0,4 .
Higher genus CohFTs are not completely determined by their potentials because H • (M g,n ) is not generated by its boundary classes. Nonetheless, Getzler [15] proved that the potential function of a genus 1 CohFT must satisfy an analogous (but much more complicated) equation arising from a codimension-two relation in H • (M 1,4 ).
Our construction of CohFTs from the moduli space of stable spin curves is guided by analogy with the moduli space of stable maps into V and its Gromov-Witten invariants. Let us briefly review this construction. Let V be a smooth projective variety, H = H • (V, C), and η the Poincaré pairing. Let M g,n (V ) be the moduli stack of stable maps into V of genus g with n marked points, as defined before. The Gromov-Witten invariants of V are multilinear maps H ⊗n → C given by τ 0 (γ 1 ) · · · τ 0 (γ n ) g = [Mg,n(V )] vir ev * 1 γ 1 ∪ · · · ∪ ev * n γ n where [M g,n (V )] vir is the virtual fundamental class of the moduli stack M g,n (V ). The small phase space potential
where the genus g part is given by
x = a x a e a , and { e 0 , . . . , e r } is a basis for H such that e 0 is the identity element.
If V is a convex variety then M 0,n (V ) is a smooth stack and its virtual fundamental class coincides with its topological fundamental class. In this situation, [14] shows that (H, η) forms a genus 0 CohFT with potential Φ 0 . This result can be generalized to higher genera and to more general varieties, as well.
The gravitational descendants are defined by twisting the Gromov-Witten classes with the tautological ψ classes as follows:
for all a 1 , . . . , a n = 0, 1, 2, . . . and γ 1 , . . . , γ n in H • (V ). This gives rise to the large phase space potential
Setting t α n = 0 for n ≥ 1 and x α = t α 0 reduces the large phase space potential Φ(t) to the small phase space potential Φ(x).
When V is a point, the Kontsevich/Witten theorem demonstrates that Z(t) := exp(Φ(t)) is a τ function of the KdV 2 hierarchy. A corollary of the proof is that exp(Φ(t)) satisfies a highest weight condition for the Virasoro Lie algebra, a condition which completely allows one to solve these intersection numbers. The existence of a similar Virasoro Lie algebra has been conjectured by Eguchi, Hori, and Xiong [12] in the case where V is not a point. Evidence for this conjecture is mounting [18] .
A very large phase space has recently been introduced in [23, 31] for the case where V is a point and for more general varieties in [13] by including variables corresponding to the ν classes as well. These additional variables parametrize an even larger family of CohFTs than just the large phase space coordinates [23] . We will shortly introduce, in addition, variables associated to the r-spin structure.
We shall perform an analogous construction but where the role of the moduli space of stable maps M g,n (V ) is replaced by the moduli space of stable r-spin curves M 1/r g,n . Unlike the moduli space of stable maps, the moduli space of stable r-spin curves is a smooth stack. Intersection theory is therefore simpler in this case than for the case of stable maps. However, the difficulty lies instead in the construction of the analogs of the Gromov-Witten classes.
In the next section, we shall introduce axioms which a cohomology class (called a virtual class) c virt g,n (m) in H • (M 1/r,m g,n ) must satisfy in order to insure that the following result holds. Restricting to genus zero, (H (r) , η) is endowed with the structure of a Frobenius manifold.
The classes c virt g,n (m) are analogs of the Gromov-Witten classes in this theory. The analog of the gravitational descendants is given by τ a 1 (e m 1 ) · · · τ an (e mn ) g := M 1/r,m g,n ψ a 1 1 · · · ψ an n c virt g,n (m) and the large phase space potential function is defined by the equations (2) and (3). The small phase space potential function is defined by restricting to only those correlators such that each a i vanishes.
The astute reader will notice that in the sequel, the state space of the CohFT p * c virt should be instead, strictly speaking, (H (r) ,η) wherẽ H (r) is an r dimensional vector space with basis { e 0 , . . . , e r−1 } with a metric in this basis given byη m 1 ,m 2 := 1 if m 1 + m 2 ≡ (r − 2) mod r and 0 otherwise. However, there is the obvious orthogonal decomposition H (r) =H (r) ⊕ H ′ where H ′ is the one dimensional vector space with basis { e r−1 } and the axioms for c virt insures that c virt vanishes on M 1/r,m g,n if any one of the m i = r − 1. Therefore, the decomposition H (r) =H (r) ⊕ H ′ is a direct sum of CohFTs where H ′ is the trivial one dimensional CohFT. For this reason, we can (and will) restrict ourselves to the state space (H (r) , η).
Virtual Classes
To endow (H (r) , η) with the structure of a CohFT, we must define a cohomology class against which all other classes are to be integrated, which we will call the virtual class, or c virt , the axioms for which will be described below. Witten has described an analytic construction of a class in [35, §1.3] , but it is not at all clear from the construction that the class has the desired properties. Ideally one should be able to make an algebraic construction similar to that of Behrend and Fantechi's virtual fundamental class, and the desired properties should follow. Remark . Note that although the vanishing of H 0 is usually called concavity, the Serre dual Hom(E r , ω), corresponding to Witten's sheaf V in [35] is convex (H 1 vanishes) exactly when E r is concave and π ! V = π ! E r . So we use the term convex to describe the case when π * E r = 0. (2) is v c virt (v).
Products. If Ψ : M
1/r Γ 1 ⊔Γ 2 -M 1/r Γ 1 × M 1/r Γ 2 is the canonical isomorphism, and if Ψ i is the composition with the i th projection to M 1/r Γ i , then c virt Γ 1 ⊔Γ 2 = Ψ * 1 c virt Γ 1 × Ψ * 2 c virt Γ 2 .
Forgetting Tails (Universal Curve)
IfΓ is a stable graph with a tail t, labeled m i = 0, and if Γ is the stable graph obtained by forgetting the tail t i , so that M Let Λ g,n (e m 1 , . . . , e mn ) := p * c virt g,n (m), then it is clear that the axioms (1) through (5) guarantee that Λ g,n endows (H (r) , η) with the structure of a CohFT.
Remark . It is worth noting that although the restriction 0 ≤ m i < r does not change the moduli space M 1/r g,n , it does give a different choice of c virt . Indeed, replacing m i by m i +r changes the dimension of c virt by 1. Thus on a given moduli space M 1/r g,n there are potentially several (but still only finitely many, for dimension reasons) choices of c virt and its corresponding CohF T . However, the corresponding metric η i,j is not necessarily invertible without the restriction 0 ≤ m i < r, and several other unusual considerations also arise. These issues will be treated in a forthcoming paper [22] . In the remainder of this paper we will assume 0 ≤ m i < r except where explicitly stated otherwise.
4.2.
The Convex Case. As explained in Axiom (1), we call the spin structure {E d , c d,d ′ } on the universal curve C 1/r Γ convex if π * E r is identically zero. This occurs, for example, when g = 0, as is shown in the following proposition. Proof. This is clear when X is irreducible, since the degree of E is no more than −(2 + m i )/r, which is always negative. When E is locally free (Ramond), the same argument holds. If E is Neveu-Schwarz, then normalization ν :X -X at the nodes of X where E is not locally free gives E = ν * F , where F is locally free onX. And F , restricted tõ X gives an r th root of ωX(− m i ,p i ), where the p i are either marked points or inverse images of nodes. F is locally free on each component, and hence has no global sections. And since ν is finite, H 0 (X, E) = H 0 (X, F ) = 0. Proof. Axiom 2 (products) follows from the fact that E r,Γ = E r,Γ 1 ⊕ E r,Γ 2 and c D(Γ) , the top-dimensional Chern class of π ! E r,Γ is simply the product of the top-dimensional classes of π ! E r,Γ 1 and π ! E r,Γ 2 .
Axiom 4 (composition) will follow from (3) and the fact that in the Neveu-Schwarz case we again have a splitting of E r ; namely, if C is the universal curve over M 
Since ρ is a finite morphism between two smooth stacks of the same dimension, it is flat [2, Cor 3.6] . And so ρ * c virt is Cartesian. Thus E r,Γ =π * E r,Γ and so c D(Γ)π ! E r,Γ = c D(Γ)π !π * E r,Γ = c D(Γ) π * π ! E r,Γ = π * c D(Γ) π ! E r,Γ .
And so all that remains is Axiom 3 (vanishing). First, when m i = r − 1, tensoring E with the exact sequence
gives the exact sequence
Since R 1 π * (E r | p ) = 0, and the canonical isomorphism (see Section 1.9) R p : π * (E r | p ) -O shows the sheaf π * (E r | p ) is trivial, we have π ! (E r ) = O + π ! (m p ⊗ E r ) The sheaves on the base are all locally free (by convexity of E r ), and so the top Chern class of π ! (E r ) must vanish (by multiplicativity); that is, c virt = 0.
To see that c virt vanishes when E r is Ramond at some node q, recall from Example 1.8 that we have an exact sequence
And E ′ is the direct image of a rank-one, torsion-free sheaf E ′′ on the normalization ν :X -X of the curve X. Moreover, (E ′′ , b ′′ ) is an r th root of ωX(− m i p i −(r−1)q + −(r−1)q − ) and so c top (π•ν) ! E ′′ vanishes by Axiom (3(a) ). Since ν is a finite morphism π ! E ′ = π ! (ν * E ′′ ) = (π • ν) ! (E ′′ ), and thus c top π ! E ′ vanishes. Again, since E r is convex, all of the pushforwards to the base are locally free, so by multiplicativity, c virt = c top π ! E r must vanish.
Intersection Numbers and Recursion Relations
In this section, we use relations between boundary classes and tautological classes in order to derive recursion relations between intersection numbers on the moduli space of stable r-spin curves.
Throughout this section, we shall assume the existence of the virtual class c virt satisfying the axioms in the previous section. This class was shown to exist in genus zero. We anticipate its construction in higher genera by proving relations between the correlators of the theory.
Let (H (r) , η) denote the state space of the theory with metric η and the standard basis { e 0 . . . , e r−2 }. Let η m 1 ,m 2 = δ m 1 +m 2 ,r−2 denote the metric in this basis and η m 1 ,m 2 denote its inverse.
We will find it convenient to introduce a very large phase potential in this section. For all v 1 , . . . , v n in H (r) , define
and τ a,m = τ a (e m ). The ν i are the (2i − 1) st Chern characters of the Hodge bundles (the even Chern characters vanish) and u · ν = i ≥ 1 u i ν i , s · µ = i ≥ 1 s i µ i . These expressions should be understood to be formal power series in the t m a , u i , v i variables. The correlators are defined by τ a 1 (e m 1 ) · · · τ an (e mn ) g := M 1/r,m g,n ψ a 1 1 · · · ψ an n c virt exp(s · µ + u · ν)
where m = (m 1 , . . . , m n ). In particular, the very large phase space potential is
The large phase space potential is Φ(t) where all the s and u variables are set to zero. The small phase space potential is Φ(x) := Φ(x 0 , . . . , x r−2 ) where x i := t i 0 and all other variables are set to zero. Φ(x) is the potential of the cohomological field theory p * c virt . It will also be useful to define Z(t, s, u) := exp(Φ(t, s, u)).
5.1.
The Euler Vector Field. We begin with a differential equation arising from the grading. The dimensions of the moduli spaces and cohomology classes induces a grading on the potential function.
Definition 5.1. The Euler vector field E is the differential operator
Proposition 5.2. The very large phase space potential Φ(t, u, s) satisfies the grading equation
Proof. This follows from the definition of the potential, the dimensions of the cohomology classes and the moduli spaces M 1/r,m g,n . It encodes the fact that intersection numbers between cohomology classes vanish if the classes do not have proper the dimension This equation encodes the fact that the potential function is invariant under the rescaling t m a → ǫ a−1+ m r t m a , u a → ǫ 2a−1 u a , s a → ǫ a s a , and λ → λ ǫ −1− 1 r . This grading also illustrates that our small phase space potential function cannot arise as the small phase space potential associated to the Gromov-Witten invariants of some variety. This is because the elements in H (r) have fractional dimension with respect to this Euler vector field whereas the cohomology ring of a space always has integral dimensions.
The String Equation and
Its Cousins. We begin by proving the analog of the string equation, the dilaton equation, and a new equation arising from our identity on the µ 1 class.
Theorem 5.3. The following identities are satisfied:
where the right hand side is understood to vanish whenever τ a,m appears with a < 0. These two equations are equivalent to the string (or puncture) equation
Similarly, the following identities are satisfied:
and τ 1,0 τ a 1 ,m 1 · · · τ an,mn exp(s · µ + u · ν) g = (2g − 2 + n) τ a 1 ,m 1 · · · τ an,mn exp(s · µ + u · ν) g These two equations are equivalent to the dilaton equation
Finally, consider the differential operator
then the following equation holds:
Furthermore, [L 0 , L −1 ] = L −1 . When restricted to the large phase space (u = s = 0) then L 0 and L 1 become the usual two generators in the Virasoro algebra.
Proof. The arguments are essentially lifts of analogous arguments on the moduli space of stable curves. Recall that on the moduli space of stable curves, M g,n , the ψ i classes (where i = 1, . . . , n) satisfy the Suppose that (g, n + 1) = (0, 3), (1, 1) . Using the lifting formula and canceling trivial terms, we obtain ψ a j = π * ψ a j + D j,n+1 π * (ψ a−1 j ).
Since π * c virt = c virt , τ 0,0 τ a 1 ,m 1 · · · τ an,mn g =
where the right hand side is understood to vanish if an exponent is negative. Integration over the fiber of C 1/r,m g,n → M 1/r,m g,n yields the desired result. Inclusion of the additional µ and ν classes into the correlators does not change the argument since π * µ i = µ i and similarly for ν i .
Finally, the exceptional cases follow from dimensional considerations and the fact that on M 1/r,m 0,3 , c virt is the identity element in cohomology provided that m 1 + m 2 + m 3 = r − 2.
The dilaton equation is proven by a similar analysis where the exceptional case can be computed by using the explicit presentation for
Finally, the equation L −1 Φ = 0 is obtained by combining the dilaton equation and the grading equation (4) .
The new relation for the µ 1 class yields new equations between correlators. 
where the summation over m + and m − runs over 0, . . . , r − 2. This is equivalent to the following relations between the correlators: τ a 1 ,m 1 · · · τ an,mn µ 1 g = r 2 − 6r + 6 r 2 τ a 1 ,m 1 · · · τ an,mn ν 1 g
The class ν 1 which appears above is precisely λ 1 . This class vanishes on M 1/r,m g,n for g = 0.
Proof. The proof follows from the restriction properties of the ν, ψ, c virt , and µ classes and Proposition 2.4.
Topological recursion relations. Topological recursion relations are relations between correlators which arise from presentations of tautological classes in terms of boundary classes in low genera.
Theorem 5.5. The following topological recursion relations hold in genus zero: τ a 1 ,m 1 · · · τ an,mn 0 =
which is equivalent to the differential equation
Proof. On M 1/r,m 0,n , the class ψ 1 can be written in terms of boundary classes as
This equation is obtained from lifting the analogous relation on M 0,n . The classes ψ i can be written similarly by applying an element of the permutation group S n . The recursion relation follows from this presentation and the restriction properties of the ψ i to the boundary strata.
Theorem 5.6. The following topological recursion relation holds in genus one:
It is equivalent to
There is [23] a topological recursion relation for ν 1 = λ 1 satisfying τ a 1 ,m 1 · · · τ an,mn ν 1 1 = 1 24 m + ,m − η m + ,m − τ a 1 ,m 1 · · · τ an,mn τ 0,m + τ 0,m − 0 which can be written
Proof. The proof of the first topological recursion relation arises from the relation on M These two relations allow one to completely reduce the large phase space potential to the small phase space potential in genus zero and one. Combined with the previous equations, one can compute Φ(t, s, u) in genus zero and one when one sets s i = u i = 0 for all i ≥ 1.
The genus one potential satisfies a generalization of the WDVV equation due to Getzler [15] which arises from relations between codimensiontwo boundary classes on M 1,4 . Using such ideas, Dubrovin-Zhang [11] showed that if the Frobenius manifold is semisimple, then the genus-one potential is determined by the Frobenius structure. Since the Frobenius structure on (H (r) , η) associated to Φ 0 (x) is known to be semisimple [10] (In fact, it is isomorphic to the Frobenius structure associated to the universal unfolding of an A r singularity.), Φ 1 (x) is completely determined by Φ 0 (x).
There exist presentations of products of ψ classes in terms of boundary classes [16, 7] which gives rise to topological recursion relations in genus 2 but in general, they do not allow one to reduce the computation of the large phase space potential to the computation of the small phase space potential.
The Relationship to the KdV r Hierarchy
In this section, we show that the genus zero, large phase space potential in the previous section corresponds to the τ function of the KdV r hierarchy.
Throughout this section, We shall restrict ourselves to the large phase space potential Φ(t) where the other variables u a and s a are all set to zero. We follow the outline provided by Witten [35] and are able to rigorously prove the validity of his computations now that the relevant moduli spaces and classes have been constructed. The right hand side can be computed using the relation for the class µ 1 in Proposition 2.4, which becomes, in genus zero, Similarly, each class ψ i can be represented by δ ij,kl for some i, j, k, l. Therefore, one obtains The right hand side of this equation can be shown to be equal to The genus zero potential Φ 0 (t) is completely determined by τ a 1 ,m 1 τ a 2 ,m 2 τ a 3 ,m 3 τ a 4 ,m 4 0 and the fact that τ a 1 ,m 1 τ a 2 ,m 2 τ a 3 ,m 3 0 = δ m 1 +m 2 +m 3 ,r−2 .
Proof. The large phase space, genus zero potential Φ 0 (t) is completely determined by its values on the small phase space by the topological recursion relations. Let Φ 0 (x) denote the small phase space potential. Φ 0 (x) must satisfy the WDVV equation since c virt yields a CohFT. Furthermore, the grading equation (4) shows that the small phase space potential is a polynomial in the variables { x 0 , . . . , x r−2 } of degree of at most r + 1. One then performs an induction on the degree of the polynomial to show that Φ 0 (x) is uniquely determined by the above data and the WDVV equation. The proof is straightforward.
6.2. The KdV r hierarchy and the generalized Witten conjecture. In this section, we state the generalized Witten conjecture in the language of Gelfand-Dickey (see [29] for a nice overview). Let D := i √ r ∂ ∂x and consider the space of (formal) differential operators
where u i (x) are formal functions of x. A differential operator L ∈ V has an r th root L 1/r in the space of (formal) pseudodifferential operators, i.e. there exists a pseudodifferential operator
where each w i is a differential polynomial in u i such that (L 1/r ) r = L. A given pseudodifferential operator A has a maximal piece which is a differential operator, denoted by A + . The KdV r (or the r th Gelfand-Dickey) hierarchy is an infinite family of formal commuting flows on V satisfying the Gelfand-Dickey equations i ∂L ∂t m a = [(L n+(m+1)/r ) + , L] k n,m √ r
where k n,m := (−1) n r n+1 (m + 1)(r + m + 1) · · · (nr + m + 1) and the brackets denotes the commutator in the ring of differential operators.
For all m = 0, . . . , r − 2, let v m := − r m + 1 res( L (m+1)/r )
where res A picks off the coefficient of D −1 in the pseudodifferential operator A. The v m can be written as differential polynomials in the u i 's and conversely.
The KdV r equations reduce in genus zero to an integrable hierarchy which can be regarded as the semiclassical (or dispersionless) limit of the KdV r hierarchy [10, 35] . This hierarchy consists of replacing all appearances of the differential operator D by a formal variable p and the commutator of differential operators [L, M] is replaced by the Poisson bracket i 
As before, one can define v m using equation (6) and the u i 's can be written as differential polynomials in the v m 's and conversely. Putting everything together, we have proven the following. 
for m = 0, . . . , r − 2 then it solves equation (7) . This is the unique solution of the hierarchy satisfying the string equation [35] .
Proof. Our large phase space potential in genus zero Φ 0 (t) agrees with Witten's expression, and he proves [35] that this generating function is a solution of this hierarchy using a straightforward computation.
The generalized Witten conjecture in all genera is the following. (8) to all genera solves the KdV r hierarchy (equation (5) ).
This solution is the unique one which satisfies the string equation. The differential operator L constructed from these v m is therefore computable and it determines the large phase space potential.
The generalized Witten conjecture as it is stated here should be viewed as a refinement of Witten's as it is not clear that his constructions yield a class with the desired factorization properties.
Finally, the unique τ function of the KdV r hierarchy satisfying the string equation is annihilated by a series of differential operators (which forms a W + r -algebra) [3] in which the generators L n for n ≥ −1 of the Virasoro algebra sit as a subalgebra. This yields an alternate formulation of the generalized Witten conjecture. Conjecture 6.5. (W-algebra Conjecture) There exist a collection of differential operators forming a W + r algebra (in which the generators { L n } n ≥ −1 of the Virasoro algebra forms a subset) which annihilates and completely determines Z(t).
This can be regarded as the KdV r analog of the Virasoro conjecture [12] . When r = 2, this conjecture reduces to the usual Virasoro highest weight condition.
There is clearly much work to be done to be able to prove the conjecture in all genera.
